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SOLUTIONS OP PROBLEMS. 307 

Also solved by Horace Olson, J. L. Riley, H. C. Feemster, C. E. Flanagan, Clifford N. 
Mills, C. E. Githens, Geo. W. Hartwell, Elmer Schuyler, Walter C. Eells, and A. M. 
Harding. 

MECHANICS. 

288. Proposed by C. E. HOENE, Westminister College, Colorado. 

Show that the tangential velocity of a projectile at any point of its path is equal to the velocity 
it would have acquired in falling, under the influence of gravitation alone, from the directrix to 
the point in question. 

Solution by A. M. Harding, University of Arkansas. 
The equation of the path in parametric form is 

x = u cos a • t, y = u sin a • t — %gft, 

where u is the initial velocity and a is the angle of projection. 
Then 

dx = u cos a dt, dy = (u sin a — gt)dt, 

ds 2 = dx 2 + dy 2 = (u 2 - 2ug sin a • t + gH 2 )df = {u 2 - 2gy)df. 

Now it can be easily shown that the distance from the directrix to the X-axis 
is given by d = u 2 /2g. Hence ds 2 = (2gd — 2gy)dfi. 

Whence 

ds 

— = velocity = ^l2g(d — y). 

Hence, the velocity at any point is equal to the velocity it would have acquired 
in falling from the directrix. 

Also solved by Elijah Swift, Clifford N. Mills, Horace Olson, J. W. Clawson. 

NUMBER THEORY. 
207. Proposed by A. J. KEMPNER, University of Illinois. 

There are 80 positive integers < 100 containing no figure 9 against 19 containing at least 
one figure 9. (For integers < 1000 the numbers are 728 and 271 respectively.) One might be led 
to believe that for every positive integer M the number Ni of positive integers < M containing 
no figure 9 is always greater than the number Nt of positive integers < M containing at least one 
figure 9. 

To prove: lim (iVi/JVj) = for M = «. 

Solution by Louis O'Shaughnessy, University of Pennsylvania. 

Let N2 in every case represent the number of positive integers from 1 to M 
inclusive, which contain the figure 9 at least once; while N\ represents the number 
of positive integers from 1 to If inclusive, which do not contain the figure 9. 
Then for 

M = 10, N 2 = 1, 

M = 10 2 , N t = 9 X 1 + 10, or 9 + 10. 

M = 10 3 , N 2 = [9 X 1 + 10]9 + 10 2 , or 9 2 + 9 • 10 + 10 2 . 
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M = 10 4 , N 2 = {[9 X 1 + 10]9 + 10 2 }9 + 10 3 , or 9 3 + 9 2 • 10 + 9 • 10 2 + 10 3 . 
M = 10 6 , N s = 9 4 + 9 3 • 10 + 9 2 • 10 2 + 9 • 10 3 + 10 4 . 

M = 10 ( , N 2 = 9'- 1 + 9'~ 2 • 10 + 9'- 3 10 2 + h 9 • lO'"" 2 + lO* -1 . 

M = 10 (+1 , N 2 = 9'+ 9'- 1 • 10 + 9'- 2 10 2 + h 9 2 • 10 ( - 2 +9 ■'l0'- 1 + 10'. 

In general, for M = 10 ( , N 2 = (10 ( - 9<)/(10 - 9) = 10' - 9 ( ; N x = 9 ( . 



y^l = s[io^] =o - 



For the more general values of M such as a 10 s + ailO 8 1 + • • • + a«-ilO + a„ 
wherein none of the a's is equal to 9, 

N 2 = a (10 s - 9 s ) + axCIO 8 - 1 - 9 s " 1 ) h a_i(10 - 9), 

while 

Ni = a 9 s + a^ 8 - 1 + • • • + a„-i9 + a,. 
Hence, 

lim of Tf- = 0. 

8=00 -"2 

If a s should be the first a which is 9, then 

N 2 = a (10 8 - 9 s ) + axilO*- 1 - 9 8 - 1 ) + a 2 (l(T- 2 - 9 8 ~ 2 ) + a 3 (l(T- s - 9 s - 3 ) 

+ a 4 10 s " 4 + h a s _ilO + a s + 1, 

while 

iVi = a 9 8 + ad*- 1 + a 2 9 s - 2 + a 3 9 8 - 3 - 1. 
Hence, 

i- Nl n 

hm w = °- 

s=oo -iV2 

With very slight changes the formula may be made to apply to the corresponding 

cases for 0, 1, 2, • • • 8. 
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Edited by R. D. Cakmichael. 

Editorial Note. — Several questions of interest are still outstanding. Question 
4 is important for teaching analytic geometry (see December, 1913, issue). All 
efforts to increase the number of concrete applications available are to be com- 
mended. 

Question 6 (February, 1914, issue) is of great significance in view of the present 
strong tendency toward increasing the vocational training in the schools. 

Question 8 (March, 1914, issue) has an important bearing upon the relation of 
the colleges to the schools of education. Should not professional training for 



